Abstract. Let G be a connected, simply connected nilpotent group and π be a squareintegrable irreducible unitary representation modulo its center ZpGq on L 2 pR d q. We prove that under reasonably weak conditions on G and π there exist a discrete subset Γ of G{ZpGq and some (relatively) compact set
Introduction
Haar, Gabor, wavelet -these names all refer to structured orthonormal bases for L 2 pR d q.
So far these have been objects of applied harmonic analysis, because they are useful to distinguish and classify certain features of functions, such as smoothness [27] or phase space localization [11] . From an abstract point of view their common origin lies in the representation theory of certain groups. Each of these orthonormal bases is in the orbit of a unitary representation of a locally compact group. Specifically, the Gabor basis arises by applying phase space shifts to the characteristic function 1 r0,1s to yield the orthonormal basis te 2πilx 1 r0,1s px´kq | k, l P Zu of L 2 pRq; the Haar basis arises by applying shifts and dilations to a "wavelet", e.g., the function ψpxq " 1 r0,1{2s pxq´1 r1{2,1s pxq yields the orthonormal basist2 j{2 ψp2 j x´kq | j, k P Zu of L 2 pRq.
The underlying question in representation theory is the following. Let G be a locally compact group and π be a unitary representation of G on a Hilbert space H. Under which conditions do there exist a template f P H and a discrete subset Γ Ď G, such that tπpλqf | γ P Γu is an orthonormal basis for H? In other words, do there exist orbits of the representation that contain an orthonormal basis?
To our knowledge the existence problem seems to be a new question in abstract harmonic analysis. Beyond the special cases that are studied for applications (wavelet bases, Gabor bases) no results seem to be known, let alone general results.
Wavelet theory deals with the construction of orthonormal bases in the orbit of the quasiregular representation of certain solvable products, usually a semidirect product of R d with some matrix action [21, 24] . A special aspect of Gabor analysis is the existence and construction of orthonormal bases in the orbit of the Schrödinger representation of the Heisenberg group [14] . To our knowledge, certain decomposition results of representations of a semisimple Lie group restricted to a lattice subgroup yield the existence of an orthonormal basis in the orbit of discrete series representations. This was pointed out to us by Yurii Neretin [29] and is also implicit in Bekka's work [5] .
In this paper we study the existence of orthonormal bases in the orbit of irreducible unitary representations of a nilpotent Lie group. As it is not difficult to see that a necessary condition for the existence of an orthonormal basis (or a frame) in the orbit of a representation is the square-integrability modulo a suitable subgroup [1] , we will restrict our attention to irreducible unitary representations of a connected, simply connected nilpotent Lie group that is square-integrable modulo its center. So our precise question is as follows:
Let G be a connected, simply connected nilpotent Lie group and pπ, Hq be an irreducible unitary representation of G that is square-integrable modulo the center of G (we write π P SI{ZpGq). Does there exist a set Γ Ď G{ZpGq and a vector f P H, such that tπpγqf | γ P Γu is an orthonormal basis of H?
The answer is obviously yes for the Heisenberg group H d and the (Schrödinger) representations π λ px, y, zqf ptq " e 2πiλz e 2πλyt f pt`xq on L 2 pR d q, because tπ λ pk, λ´1l, 0q1 r0,1s ptq | k, l P Z d u is an orthonormal basis for L 2 pRq. For low-dimensional nilpotent Lie groups the question has been studied in A. Höfler's thesis [26] . She found that the answer is yes for all nilpotent Lie groups G of dimension dimpGq ď 6 and all irreducible representations in SI{ZpGq. The analysis of explicit examples in low dimension justifies the conjecture that the answer to our question should be affirmative for all nilpotent Lie groups and representations in SI{Z, or at least for a significant, large class of nilpotent groups. However, as Höfler's work is based on the case-by-case inspection of the explicit formulas for the irreducible representations in [30] , her work gives little indication on what might happen for nilpotent groups in higher dimensions.
In this paper we prove a general result about orthonormal bases in the orbit of a squareintegrable representation of a nilpotent group. Its spirit is captured in the following special case.
Theorem 0. Let G be a graded Lie group with one-dimensional center and pπ, Hq be a square-integrable irreducible unitary representation modulo center, π P SI{ZpGq. Then there exist a discrete subset Γ Ď G{ZpGq and an f P H such that the set tπpγqf | γ P Γu is an orthonormal basis of H.
A more detailed formulation and the proof require the full details of Kirillov's construction of irreducible representations via the coadjoint orbits and thus a non-negligeable amount of preparation. Other and more general formulations will be given in Theorems 4.1, 4.2, and 4.7.
Roughly, an irreducible unitary representation of G is parametrized by a linear functional l acting on the Lie algebra g of G and by a certain subgroup M of G, a so-called polarization. The imposed conditions depend (a) on the structure of G, for instance, we assume that some polarization M is a normal subgroup of G and that we know some crucial facts about the coadjoint action, and (b) some rationality assumptions, for instance g has rational structure coefficients and the functional l also has rational coefficients with respect to the chosen basis.
(i) The set Γ in Theorem 0 is not arbitrary. Under some rationality assumptions the construction yields a uniform subgroup Γ in G{ZpGq (Theorem 4.2 and 4.7). However, we will show that the existence of orthonormal bases is not tied to the rational structure of the group. Indeed, we will prove a version of Theorem 0 by using a quasi-lattice in G in place of a lattice. Such structures exist in arbitrary nilpotent Lie groups [17] .
(ii) In Theorem 0 we make heavy use of the description and construction of representations with Kirillov's method of coadjoint orbits. The representation space H π is then realized by L 2 pR d q; the representation is essentially of the form`πpxqf˘pζq " e 2πiP px,ζq f pζ¨xq, where P is a polynomial of x and ζ, and x acts on ζ P R d . Thus the main theorems prove the existence of a new class of orthonormal bases for L 2 pR d q. We believe that these bases could be useful in the non-Euclidean analysis of R d (viewed as a homogeneous space).
(iii) Whereas in the low-dimensional examples this action ζ Ñ ζ¨x is always Abelian and roughly a translation ζ¨x » ζ`x on R d , this action is generally non-Abelian in higher
dimensions. We will demonstrate this new aspect with the example of the meta-Heisenberg group.
(iv) The construction of the orthonormal basis actually happens in G{ZpGq. Clearly, if z γ P ZpGq is arbitrary and tπpγqg | γ P Gu is an orthonormal basis for H, then so is tπpz γ γqg | γ P Gu. We could therefore investigate the problem for the projective representations of the nilpotent group G{ZpGq. However, since we use the Kirillov construction of irreducible representations, we prefer to work with the representations of G and accept the ambiguity in the phase rather than passing to G{ZpGq. 
. This is the famous Balian-Low theorem, which has inspired a whole direction of harmonic analysis [6, 7] . Since Kirillov's lemma asserts that every nilpotent Lie group contains a subgroup isomorphic to the Heisenberg group, we expect that a BalianLow type theorem also holds in the context of Theorem 0. Indeed, it is possible to prove a version of the Balian-Low theorem for arbitrary homogeneous nilpotent groups. The proof is almost identical to the proof of the Balian-Low theorem via the theory of deformation of frames in [22] (with only technical modifications). We will exploit this direction in future work.
Our own motivation for the topic comes from studying the density of frames for representations of nilpotent groups. It has been known for a long time that frames always exist in the orbit of every square-integrable irreducible unitary representation of a locally compact group [10, 19] . In analogy to the sampling and interpolation theory for bandlimited functions one would like to understand how dense such a subset must necessarily be. Until recently, all proofs of density theorems required the existence of an orthonormal basis and the comparison of the frame to this orthonormal basis. See [4] for a very general density theory of frames. For frames in the orbits of nilpotent groups precise results have been derived by Höfler [26] , but again under the hypothesis that there exists an orthonormal basis in the orbit of the representation. With Theorem 0 and its variations, Höfler's results about the density of frames now apply to a general class of nilpotent groups. Let us mention that these density results have been generalized recently to arbitrary unimodular groups with square-integrable representations, but without requiring the existence of an orthonormal basis in an orbit [18] .
Outlook: Our investigation raises several new questions in the theory of nilpotent Lie groups. It is certainly tempting to believe that every square-integrable irreducible unitary representation modulo the center possesses an orthonormal basis in some orbit. However, at this time we are far from a complete answer. We do not need a rational structure, as one might expect from examples and Bekka's work [5] , but we need that the representation is induced from a normal polarizing subgroup and we need special Malcev bases that are compatible with the parametrization of the coadjoint action (we call them Chevalley-Rosenlicht admissible). The normality of a polarizing subgroup may not be necessary, as is shown by an explicit construction of Führ [16] of an orthonormal basis for an 11-dimensional nilpotent group with square-integrable representations that do not possess a normal polarizing subgroup. As for the existence of Chevalley-Rosenlicht admissible Malcev bases, we do not know for which groups they exist.
The paper is organized as follows: Section 2 is a warm-up and presents the example of the Heisenberg group and the Gabor basis. In Section 3 we give a quick review of Malcev bases of nilpotent groups and of graded nilpotent Lie algebras; we set the notation for induced representations, and review the standard construction of irreducible representations of nilpotent Lie groups. Section 4 contains several formulations of Theorem 0 and builds up the arguments towards its proof. In particular, we prove the existence of an orthonormal basis in the orbit of a square-integrable representation for all graded nilpotent Lie groups with one-dimensional center. Section 5 offers concrete examples and treats the meta-Heisenberg group in detail.
Warm-Up
In this section we will review the example of the Gabor basis in L 2 pR d q and the Heisenberg group, as the proof of our main result is modeled on the arguments of this example.
2.1. Gabor Bases and the Heisenberg Group. For λ ‰ 0, let π λ be the operator pπ λ pz, y, xqf qptq " e 2πiλz e 2πiλyt f pt`xq,
The following statement is well-known in time-frequency analysis and yields an orthonormal basis for 
holds true for all pϑ, ηq, pϑ
Since the completeness is clear, the set
A similar construction yields orthonormal bases for L 2 pAq of an arbitary locally compact Abelian group A [23] .
In the language of abstract harmonic analysis, π λ is a unitary representation of the 2d`1-dimensional Heisenberg group H d " RˆR dˆRd with center ZpH d q " Rˆt0uˆt0u and multiplication pz, y, xqpz
The representation π λ for λ ‰ 0 is the Schrödinger representation and is square-integrable modulo center, in short π λ P SI{ZpH d q.
We make the following observations: (a) The variable z in (1) (the center of H d ) does not play any role in the definition of the orthonormal basis. In general, the construction of an orthonormal basis in the orbit of a representation depends only on the action of G{ZpGq and not on the full representation.
( (c) The Heisenberg group is a semidirect product M¸H of the normal subgroup M " tpz, y, 0q | z P R, y P R d u and the subgroup H " tp0, 0, xq | x P R d u (in the jargon: of a polarizing normal subgroup M and the subgroup H -M zH d ). The variables in M act by modulation, whereas the variables in H act by translation.
To generalize this elementary construction of orthonormal bases on H d to other nilpotent groups, we need to find an appropriate coordinate system and representations of G in which the variables split into some form of modulation and translation operators.
Some Tools from the Theory of Nilpotent Lie Groups
Throughout the paper we will make heavy use of the theory of nilpotent Lie groups and their irreducible unitary representations. Our main reference is the outstanding monograph of Corwin and Greenleaf [8] . We briefly recall some well-known facts about strong Malcev bases, rational structures, induced representations, square-integrable representations and graded groups. For more details confer Corwin and Greenleaf [8, Ch. 1] as well as Fischer and Ruzhansky [13, § 3.1.1]. To make the paper accessible also to applied harmonic analysts, we present these notions in more detail than is perhaps necessary for specialists.
In the following G is always a connected, simply connected nilpotent Lie group with Lie algebra g. The vector space dual of g is denoted by g˚, the Haar measure of G is µ G .
3.1. Malcev Bases and Coordinates. On a technical level the choice of the appropriate coordinate system for G will be essential. We will construct a particular set of strong Malcev coordinates [8, Thm. 1.1.13].
Lemma 3.1. Let g be a nilpotent Lie algebra of dimension n and let g 1 ď . . . ď g l ď g be ideals with dimpg j q " m j . Then there exists a basis tX 1 , . . . , X n u such that
A basis satisfying (i) and (ii) is called a strong Malcev basis of g passing through the ideals g 1 , . . . , g l .
If we do not list any particular ideals, we will simply refer to the basis as a strong Malcev basis.
Definition 3.2. Given a strong Malcev basis tX 1 , . . . , X n u, the strong Malcev coordinates of G are defined by the map
The Haar measure µ G of a set E Ď G is given by µ G pEq " mpφ´1pEqq, where m is the Lebesgue measure on R n . In Section 4 we will fix a Malcev basis and the corresponding Haar measure. To determine the precise value of constants, we will therefore keep track of all basis changes. Lemma 3.3. Let tX 1 , . . . , X n u be a strong Malcev basis for G. Then there exist polynomial functions P X 1 , . . . , P Xn : R 2n Ñ R of degree ď 2n such that for t " pt 1 , . . . , t n q, s " ps 1 , . . . , s n q P R n the group multiplication is given by
The polynomials have the following properties:
(i) P Xn pt, sq " t n`sn and P X n´1 pt, sq " t n´1`sn´1 .
(ii) If 1 ď j ď n´2, then P X j pt, sq " t j`sj`PX j pt j`1 , . . . , t n , s j`1 , . . . , s n q, where 2 ď degpP X j q ď pn´jq 2 .
(iii) P X j pt,´tq " 0 for j " 1, . . . , n.
Given a strong Malcev basis, there exist polynomial functions R X 1 , . . . , R Xn :
ith similar properties as above:
(i) R Xn ptq " t n and R X n´1 ptq " t n´1 , (ii) R X j ptq " t j`RX j pt i`1 , . . . , t n q, where 2 ď degpR j q ď n.
The R X j are the exponential coordinates of g " φptq.
For detailed proofs see [8, Definition 3.4. Let g be an n-dimensional Lie algebra. We say g has a rational structure if there is an R-basis tX 1 , . . . , X n u for g with rational structure constants. In particular, g " g Q b R for g Q :" Q-spantX 1 , . . . , X n u.
Definition 3.5. Let G be a nilpotent Lie group and Γ a discrete subgroup. We say that Γ is a uniform subgroup if one of the following equivalent conditions holds:
(i) G{Γ is compact. In this case there exists a relatively compact fundamental domain Σ Ă G such that ΣΓ " G.
(ii) There exists a strong Malcev basis tX 1 , . . . , X n u of g such that Γ " exppZX 1 q¨¨¨exppZX n q.
In this case we say tX 1 , . . . , X n u is strongly based on Γ.
Theorem 3.6. Let G be nilpotent with Lie algebra g.
(i) If G has a uniform subgroup Γ, then g has a rational structure such that g Q " Q-spantlogpΓqu. (ii) Conversely, if g has a rational structure from a Q-algebra g Q ď g, then G has a uniform subgroup Γ such that logpΓq Ď g Q . A uniform Γ as in (ii) can be obtained by rescaling any strong Malcev basis with g Q :"
Q-spantX 1 , . . . , X n u by a sufficiently large integer.
In the absence of a rational structure we can still work with quasi-lattices.
Definition 3.8. A discrete subset Γ of G is called a quasi-lattice with relatively compact fundamental domain Σ if G " Ť γPΓ Σγ is a disjoint union of translates. Quasi-lattices always exist [17] , and an explicit construction can be obtained by adapting the proof of Theorem 5.3.1 in [8] .
Lemma 3.9. Let tX 1 , . . . , X n u be a strong Malcev basis of g. Then
is a quasi-lattice in G with fundamental domain
Proof. Existence: Let us set γ j :" exppX j q. We prove by induction on dimpGq " n that for every g P G there exist k 1 , . . . , k n P Z and some t 1 , . . . , t n P r0, 1q such that
kn n . The base case n " 1 is trivial.
Induction step n Þ Ñ n`1: For general n " dimpGq´1 we denote by g n the ideal R-spantX 1 , . . . , X n u and set G n :" exppg n q. We know that for g P G we have
with g n P G n . We write x n`1 " t n`1`kn`1 for some uniquely determined t n`1 P r0, 1q and k n`1 P Z. A short computation yields
By applying the induction hypothesis to g 1 n , we then obtain g " exppt n`1 X n`1 q exppt n X n q¨¨¨exppt 1 X 1 q exppk 1 X 1 q¨¨¨exppk n X n q exppk n`1 X n`1 q.
By repeating this argument for n´1, n´2, . . . , 1, we obtain the uniqueness.
Corollary 3.10. Let tX 1 , . . . , X n u be a strong Malcev basis strongly based on Γ passing through an ideal n Ÿ g, and let Γ be a quasi-lattice (or a uniform subgroup) of G with fundamental domain Σ. Let N " exppnq and pr : G Ñ N zG denote the natural map onto the quotient N zG. Then prpΓq is a quasi-lattice (a uniform subgroup) of N zG with fundamental domain prpΣq.
Proof. Suppose dimpN q " n 1 ă n, i.e., n " R-spantX 1 , . . . , X n 1 u (cf. Definition 3.1). If Γ is a quasi-lattice, then it is clear from the proof of Lemma 3.9 that prpΓq " pr`exppk n 1`1X n 1`1q¨¨¨exppk n X n qȋ s a quasi-lattice of N zG with fundamental domain prpΣq " exppt n X n q¨¨¨exppt n 1`1X n 1`1q | t 1 , . . . , t n P r0, 1q
( . 
It is well known that paq different polarizations of l yield equivalent representations, and pbq different functionals l and l 1 P g˚in the same coadjoint orbit O l " Ad˚pGql yield equivalent representations. Thus, every orbit corresponds to a unique equivalence class of irreducible unitary representations. In particular, we are free to choose the most convenient functional l and polarization m when we write a representation explicitly.
If a polarization m is an ideal of g, m Ÿ g, the induced representation π l " ind G M pχ l q possesses the following explicit description. Let H " M zG be the quotient group, q : G Þ Ñ M zG be the quotient map, and choose a Borel cross-section σ : M zG Ñ G such that q˝σ " id. Then every element g P G can be written in a unique way as g " ppgqσpqpgqq " mh with ppgq " gσpqpgqq´1 P M . For h 1 P σpM zGq we write
and
where the second equality holds because χ l is a character on M . Let us point out that
This observation explains why a convenient description of the coadjoint orbit O l helps to understand π l . We will elaborate further in Subsection 4.1.
Square-Integrable
Representations. An irreducible unitary representation π of G is square-integrable modulo the center of G if there exists a vector v P H π such that
We write π P SI{ZpGq when π is square-integrable modulo the center of G. A fundamental theorem of Moore and Wolf [28] characterizes all irreducible representations in SI{ZpGq of a nilpotent group by the flat-orbit condition. For any such π l one can restrict to representatives l P zpgq˚. Furthermore, if SI{ZpGq ‰ H, then up to a set of Plancherel measure zero all π P p G are square-integrable modulo Z. For each π P SI{ZpGq there exists a number d π P Rzt0u, called the formal degree or formal dimension of π, such that
The formal degree depends on the normalization of the Haar measure µ on G and is intimately connected to the symplectic form B l : Pick a strong Malcev basis tZ 1 , . . . Z r , X 1 , . . . , X 2d u passing through zpgq. Normalize the Lebesgue measure ν on g such that
and denote by µ, µ G or dg the Haar measure on G arising from ν via strong Malcev coordinates. Since ZpGq is normal in G, we know that dg " dz d 9 g. We fix this Haar measure for once and all. Due to Theorem 3.11, a square-integrable representation π P SI{ZpGq and its orbit O π depend only on the representative l P zpgq˚. So, the Pfaffian polynomial Pf defined by
an be considered as a polynomial of zpgq˚. By [28, Thm. 4] , d π and Pf depend on the normalization of µ in the same way; in fact we have Definition 3.13. A Lie algebra g is graded if it possesses a vector space decomposition g "
for only finitely many k.
We will write g N for the summand of highest order, whence g k " t0u for all k ą N . However, some g k with k ă N may be trivial, too.
Every graded Lie algebra is nilpotent and the corresponding connected, simply connected Lie group is called graded and is always nilpotent locally compact.
Remark 3.14. Clearly pR n ,`q and the Heisenberg group H d are graded; H d admits various gradations, one of which is given by
Every nilpotent Lie algebra of dimpgq ď 6 is graded. The lowest dimension for which there are non-graded nilpotent Lie algebras is dimpgq " 7.
A graded Lie algebra is naturally equipped with a dilation.
Definition 3.15. Let g be graded Lie algebra with gradation g " À N k"1 g k . We define the family of dilations tδ s u są0 on g by
Since we will deal with both gradations and rational structures at the same time, we need some compatibility of these structures. Definition 3.16. Let g be a graded Lie algebra with gradation g " À N k"1 g k . Furthermore, suppose there exists a rational structure g Q ď g. We will say the rational structure is compatible with the gradation if there exists a strong Malcev basis tX 1 , . . . , X n u of g such that
. . , 1.
Constructing Orthonormal Bases
In this section we construct orthonormal bases in the orbit of every square-integrable representation of a graded SI{Z-group. Our main theorems are the following. (i) The ideal m " logpM q Ÿ g is a polarization simultaneously for all l P zpgq˚. It thus induces all π P SI{ZpGq and permits a universal realization of all π P SI{ZpGq in L 2 pM zGq related to the same set of strong Malcev coordinates for G.
(ii) For every π P SI{ZpGq with formal degree d π there exist a discrete subset Γ Ď G{ZpGq and a relatively compact set F Ď M zG, such that
The construction shows that Γ is derived from a quasi-lattice of G{ZpGq by a small modification.
Theorem 4.2.
[Uniform Subgroup] Let G be a graded SI{Z-group of dimpGq " 2d`1 with 1-dimensional center and a rational structure g Q compatible with the gradation. Then there exists a normal subgroup M Ÿ G with the following properties:
(i) The ideal m " logpM q Ÿ g is a polarization simultaneously for all l P zpgq˚. It thus induces all π P SI{ZpGq and permits a universal realization of all π P SI{ZpGq in L 2 pM zGq related to the same set of strong Malcev coordinates for G.
(ii) For every π P SI{ZpGq there exist a uniform subgroup Γ ď G{ZpGq, a relatively compact set F Ď M zG, such that
for some integer C depending on Γ.
We will prove a more general, but more technical statement (Theorem 4.7) and then derive Theorems 4.1 and 4.2 as special cases. We will structure the proofs as follows: Throughout we make the following assumptions:
-G is a connected, simply connected nilpotent SI{Z-group of dimension n " r`2d
with r-dimensional center ZpGq. -π is a square-integrable representation of G modulo its center.
-The coadjoint orbit that determines π has an element l P zpgq˚.
-There exists an ideal m Ÿ g which is a polarization for l P zpgq˚.
-The representation is realized on L 2 pM zGq, where M :" exppmq.
We will denote by h the complementary subspace such that g " m ' h. Since m is an ideal, h is a nilpotent Lie algebra modulo m. The natural quotient maps will be denoted by pr : G Ñ G{ZpGq, q : G Ñ M zG. For prpgq we also write 9 g. Given a cross-section σ : GzM Ñ G, the projection p : G Ñ M occurring in the induced representation is given by the map p : G Ñ M , ppgq " gσpqpgqq´1 P M .
Explicit Parameterizations of Coadjoint Orbits.
Our first goal is to write the induced representation π " π l associated to l P zpgq as explicitly as possible. We recall that π can be written as
The occurrence of xAd˚ph 1´1 ql, logpmqy suggests to describe the coadjoint orbit O l in more detail.
A celebrated theorem by Chevalley and Rosenlicht provides useful parametrizations of the orbits of unipotent group actions. We will formulate a version of the theorem adapted to the coadjoint action. For a general version we refer to [8] , Theorem 3.1.4. and Section 3.4, for related parametrizations in solvable groups to [2, 3] . Theorem 4.3 (Chevalley-Rosenlicht). Let G be a connected, simply connected nilpotent SI{Z-group of dimension n " r`2d with pr`dq-dimensional ideal m Ÿ g. Denote bÿ
: m˚ˆG Ñ m˚the restriction of the coadjoint action to m˚, written as a right group action, xl¨g, vy m˚: "
Then m˚¨G is a unipotent action. If m is a polarization for some l P zpgq˚, then the orbit l¨G coincides with the d-dimensional affine subspace l`zpgq K Ď m˚and has the following properties:
. . , X d u of g passing through zpgq and m there exists a basis tX d , . . . ,X 1 u of h such that the map φ :
(ii) The basis is chosen such that the infinitesimal action m˚¨g satisfies
are of the form
Proof. Since l Ñ l¨g is the restriction of Ad˚pg´1ql to m˚and m is an ideal, m˚is an invariant subspace of Ad˚, and the restriction of a unipotent action remains unipotent.
To prove (i) -(iii), we apply [8, Thm. 3.1.4] to m˚¨G. Let l P zpgq˚be such that m is a polarization for l. Flatness of the orbit l¨G follows from that fact that l¨G is the image under the projection g˚Ñ m˚" g˚{m K of the coadjoint orbit Ad˚pGql " l`zpgq K Ď g˚. To show this, let Y, v P m, X P h. Then AdpexppXqqv P m Ÿ g and
" xl, AdpexppXqqv`rY, AdpexppXqqvs`. . .y " xl, AdpexppXqqvy since l vanishes on rm, ms. Thus, the contribution of M to l¨G is trivial and we can choose thẽ X j to be in h. The linear independence of theX j becomes evident in view of the symplectic form B l . The matrix representation of B l with respect to the basis tZ 1 , . . . , X d u is of the form
Since B l is non-degenerate (Theorem 3.11), the matrix A is invertible; so the infinitesimal action restricted to h has full rank and the vectorsX d , . . . ,X 1 must form a basis of h.
The following corollary is an immediate consequence of Theorem 4.3 (ii). 
Note that the vectorsX d , . . . ,X 1 are not uniquely determined. According to (12) one has the liberty to add contributions of higher index in each step:X d is fixed by the choice of l and Y d , whereas one can add some multiple ofX d toX d´1 without changing the assertions of the theorem, and so forth. The triangularization of A can be interpreted as the first step of an algorithm which produces the coefficient polynomials
In what follows we would like to use the basis tZ 1 , . . . , Y d ,X d , . . . ,X 1 u to construct a quasi-lattice or a uniform subgroup in G. According to Lemma 
In this paper Chevalley-Rosenlicht admissible Malcev bases are simply a technical tool. At this time we do not know whether and when a Ch-R-admissible basis exists in a nilpotent Lie algebra. In Subsection 4.3 we will see that every graded Lie group with one-dimensional center admits a Ch-R-admissible basis.
Since the basis of the complement h in Theorem 4.3 is not unique, the first question is whether the definition of Ch-R-admissible bases depends on the choice of the basis. Fortunately this is not the case. Proof. Let tX d , . . . ,X 1 u and tX d , . . . ,X 1 u be two bases of h to parametrize the orbit l¨G in m˚¨G. According to (14) this means that the dˆd-matrixÃ with entriesÃ j,k :" lprX j , Y k sq is an upper triangular matrix with ones on the diagonal. Likewise,Ã, withÃ j,k :" lprX j , Y k sq, is upper triangular. Consequently, C :"ÃÃ´1 is upper triangular. In fact, the matrix C describes the basis change from tX j u
Now, assume that tZ 1 , . . . , Y d ,X d , . . . ,X 1 u is a strong Malcev basis for g. Then for j ă k we have rX j ,X k s P R-spantZ 1 , . . . , Y d ,X d , . . . ,X k u :" g k , or rX j ,X k s P g maxpj,kq .
Since C is upper triangular, we find thatX k " ř měk c k,mXm P g k and consequently, Once we know that g possesses a Ch-R-admissible basis subordinate to l, we have a certain freedom to choose. A distinguished Ch-R-admissible basis is obtained by choosing the basis transformation to be C "Ã´1 in (15) . ThenÃ " CÃ "Ã´1Ã " I or, in other words,
Thus, if the action m˚ˆG Ñ m˚possesses a Ch-R-admissible basis subordinate to l, then it possesses a distinguished Ch-R-admissible basis that diagonalizes the infinitesimal coadjoint action on l.
4.2.
A Technical Version of the Main Theorem. We formulate and prove a general, but technical version for the existence of orthonormal bases associated to a representation π P SI{ZpGq. 
then there exist a discrete subset Γ Ď G{ZpGq and a relatively compact subset F Ď M zG such that the set
forms an orthonormal basis of L 2 pM zGq.
then there exist a uniform subgroup Γ ď G{ZpGq of co-volume µ G{ZpGq pΣq " d´1 π with fundamental domain Σ, such that for F :" qpΣq Ď M zG the set
for some integer C P N.
The theorem will be proved in three steps: First we construct a quasi-lattice or a uniform subgroup in G{ZpGq, then we verify the orthonormality of the set (17) , and finally we show its completeness. (7)) is given byμ G " detpS l q´1 µ G [8, 1.2.11]. We now compute the formal degree r d π of π with respect to r µ G{ZpGq in two ways. On the one hand, r d π " detpS l q d π by (6) . On the other hand, the relation (8) between the formal degree and the Pfaffian with respect to the basis tZ 1 , . . . ,X 1 u yields
We conclude that
Finally we compute the measure of the fundamental domain Σ G for Γ 1 G . Since Σ G is the image of the unit cube spanned by tZ 1 , . . . ,X 1 u, the normalization (7) implies that 1 " r µ G{ZpGq pΣq " detpS l q´1 µ G{ZpGq pΣq. Thus, we have µ G{ZpGq pΣq " detpS l q " d´1 π .
(ii) To construct a uniform subgroup Γ 1 ď G{ZpGq, we choose a distinguished Ch-Radmissible basis tX j u d j"1 which satisfies (16) . By the proof of Lemma 4.6 this means that C " A´1 and that
. . , X d u and l P zpg Q q˚. Then l " ř r n"1 l n Zn with coefficients l n P Q and
n is in Q and thus the matrix A has only rational entries. By Kramer's rule A´1 has only rational entries, and (19) implies thatX j P g Q . It follows that g Q " Q-spantZ 1 , . . . , Y d ,X d , . . . ,X 1 u.
In order to construct a uniform subgroup Γ 1 , we temporarily enumerate tZ 1 , . . . ,X 1 u by tV 1 , . . . , V n u. Let P V 1 , . . . , P Vn be the polynomials from (3) that describe the multiplication in G in strong Malcev coordinates. Furthermore, let K P N be large enough so that all denominators of all coefficients of all P j divide K. We then set (20)
The rescaled basis is
If we denote by P 1 V j the polynomials from (3) for the strong Malcev basis tW 1 , . . . , W n u, then, by definition of the q j 's,
. . , t n , s 1 , . . . , s n q " P V j pq 1 t 1 , . . . , q n t n , q 1 s 1 , . . . , q n s n q and P 1 V j has integer coefficients for all j " 1, . . . , n. Hence,
forms a uniform subgroup of G with fundamental domain Σ G :" texppw n W n q¨¨¨exppw 1 W 1 q | w 1 , . . . , w n P r0, 1qu.
By Corollary 3.10, Γ 1 :" prpΓ 1 G q forms a uniform subgroup of G{ZpGq with fundamental domain Σ :" prpΣ G q. Since the Jacobian determinant of the rescaling in G{ZpGq equals 1, the same reasoning as in (i) yields µ G{ZpGq pΣq " d´1 π for case (ii). This completes the proof.
Remark 4.9. Multiplying the basis vectors by the factors q j does not change the assertion (ii) of the Chevalley-Rosenlicht theorem. The principal terms are linear in t " pt d , . . . , t 1 q because they correspond to the infinitesimal group action ad˚. Indeed, our choice of factors in (20) yields
Definition 4.10. Let Γ 1 be a quasi-lattice or a uniform subgroup as constructed in Proposition 4.8. If Γ 1 is a quasi-lattice, set K " 1; if Γ 1 is a uniform subgroup, let K be the scaling factor in (20) . Then we set
Let Σ be a fundamental domain for Γ 1 in G and set F " qpΣq Ă M zG. In coordinates,
Remark 4.11. If Γ 1 is a uniform subgroup, then Γ " Γ 1 . If Γ 1 is only a quasi-lattice, then Γ is obviously related to Γ 1 , but in general Γ ‰ Γ 1 . Let ϑ P Γ 1 M and η P Γ 1 H , then every element of Γ is of the form γ " pr`ϑ η´1˘for
with ϑ 1 , . . . , η 1 P Z.
We will need a more explicit description of the operators πpγq, γ P Γ, in terms of given strong Malcev coordinates. Of particular importance will be a specific type of products g¨g 1 P G, for which we give a description in the spirit of Lemma 3.3.
Lemma 4.12. Let tX 1 , . . . , X n u be a strong Malcev basis of g. Then there exist polynomial functions S X j , T X k : R n Ñ R of degree ď 2n for all j, k " 1, . . . , 2n such that for t " pt 1 , . . . , t n q, s " ps 1 , . . . , s n q P R n we have exppt n X n q¨¨¨exppt 1 X 1 q¨expps 1 X 1 q¨¨¨expps n X n q " exp`S X 1 pt, sqX 1˘¨¨¨e xp`S Xn pt, sqX n˘,
Proof. The proof resembles the proof of [8, Proposition 1.2.7] and uses induction on n. For dimpgq " n " 1 or n " 2 the result is trivial since g is Abelian.
Thus, suppose n ą 2 and that (i) holds true for all j " 2, . . . , n. Let g Ñ g{g 1 : X Þ Ñ X be the canonical projection modulo the central ideal g 1 :" RX 1 . By induction, exppt n X n q¨¨¨exppt 2 X 2 q¨expps 2 X 2 q¨¨¨expps n X n q " exp`S X 2 pt, sqX 2˘¨¨¨e xp`S Xn pt, sqX nw ith the S X j satisfying (i). For j " 2, . . . , n we set S X j :" S X j . Since g 1 is central, there exists a polynomial functionS X 1 such that the multiplication in G is exppt n X n q¨¨¨exppt 2 X 2 q¨expps 2 X 2 q¨¨¨expps n X n q " exp`S X 1 pt 2 , . . . , t n , s 2 , . . . , s n qX 1˘¨e xp`S X 2 pt, sqX 2˘¨¨¨e xp`S Xn pt, sqX nȃ nd, consequently, exppt n X n q¨¨¨exppt 2 X 2 q exppt 1 X 1 q¨expps 1 X 1 q¨expps 2 X 2 q¨¨¨expps n X n q " exp`pt 1`s1 qX 1˘¨e xp`S X 1 pt 2 , . . . , s n qX 1˘¨e xp`S X 2 pt, sqX 2˘¨¨¨e xp`S Xn pt, sqX n" exp`pt 1`s1`SX 1 pt 2 , . . . , s n qqX 1˘¨e xp`S X 2 pt, sqX 2˘¨¨¨e xp`S Xn pt, sqX n˘.
This proves (i). The proof of (ii) works out analagously. 
Proof. To prove orthogonality, we have to show that for γ ‰ γ
Writing γ " prpϑη´1q, the explicit formula for the representations (11) yieldś πpγq1 F¯`q phq˘" e 2πixAd˚ph´1ql,logpϑqy e 2πi B l,log`pphη´1q˘F
Hence, we need to show that
Orthogonality when η ‰ η 1 : We focus on the characteristic functions in (22) and see that
Since η, η 1 are in the quasi-lattice Γ 1 and Σ is a fundamental domain for Γ 1 , we conclude that
and the integral in (22) reduces to
For further simplification, note that Adphq logpϑq, Adphq logpϑ 1 q P m for all h P H and l vanishes on rm, ms. Thus xl, Adphq logpϑq´Adphq logpϑ 1 qy "
and after the change of variables h Þ Ñ hη´1 ": h 1 we need to compute the integral 
Since M is normal in G, there furthermore exists some m
At this point we apply the parametrization of l¨G of Theorem 4.3 and obtain
For the log-terms we employ Lemma 4.12 (ii) to rewrite
for some z θθ 1 P ZpGq.
The conversion of strong Malcev coordinates to exponential coordinates (cf. Lemma 3.3) yields log`ϑϑ
Now assume that ϑ ‰ ϑ 1 and let j be the largest index such that ϑ j ‰ ϑ 1 j and thus
Combining (26) and (30) 
. . ,X 1 u from the proof of Proposition 4.8 acts trivially on m. Since the according change of Haar measure obeys r µ G{ZpGq " detpS l q´1 µ G{ZpGq " d π µ G{ZpGq , we thus have
Moreover, sinceμ G pΣ G q " 1 for Σ G " texppx 1X1 q¨¨¨exppz 1 Z 1 q | z 1 , . . . ,x 1 P r0, 1qu and
by Proposition 4.8 piq and piiq, respectively, we haveμ M zG pF q "
and, consequently,
This yields the normalization of the system. Proof. By Corollary 3.10 qpΓ 1 q is a quasi-lattice (a uniform subgroup) of M zG with fundamental domain F " qpΣq, the sets F qpηq " qpΣηq, η P Γ Since the map f phq Þ Ñ e´2
f phq is unitary on L 2 pF qpηqq, it suffices to show that the set
implies f " 0 a.e. Note that by (26), we have
for some polynomials P j , and by (29) with θ 1 " 0, we have log`ϑ˘"
Consequently,
To verify (31), we therefore switch to the coordinates
, it is equivalent to show that
implies f " 0 a.e.
Thus, suppose (33) holds true. First, we may omit the constant factors e 2πiη j`ϑj`RY j pϑ j`1 ,...,ζ d qȏ f modulus one. Since P 1 " 0, we may rewrite (33) as
As this holds true for all ϑ 1 P Z, it follows that 0 "
for almost all t 1 P r0, 1q. The unimodular factor outside the integral can be deleted and we apply the same argument to the remaining integrals. Repeating this procedure (induction), we arrive at
for all ϑ k`1 P Z and almost all pt 1 , . . . , t k q P r0, 1q k . Consequently,
for almost all pt 1 , . . . , t k`1 q P r0, 1q k`1 , which in turn implies the next step 0 "
for all ϑ k`2 P Z. For the last step k " d´1 we obtain from (34)
for all ϑ d P Z and almost all pt 1 , . . . , t d´1 q P r0, 1q d´1 , from which we obtain f pt 1 , . . . , t d q " 0 a.e. This proves the completeness.
In the case when Γ is a quasi-lattice or a uniform subgroup, we can give a shorter and more elegant proof of completeness. In particular, the following observation yields a more structural proof of Theorem 4.7 under the assumptions (i) -(v).
Lemma 4.15. Let G be a nilpotent Lie group. Let Γ be a quasi-lattice in G{ZpGq with fundamental domain Σ, π P SI{ZpGq and w P H π with }w} Hπ " 1, such that the set tπpγqw | γ P Γu forms an orthonormal system in H π . Then the following are equivalent:
(i) tπpγqw | γ P Γu is complete in H π , and thus tπpγqw | γ P Γu is an orthonormal basis.
(ii) µ G{ZpGq pΣq´1 " d π .
Proof. piq ñ piiq If tπpγqw | γ P Γu is an orthonormal basis, then for every v P H π and 9 g P G{ZpGq we have Hence, square-integrability yields
Hπ .
piiq ñ piq By Bessel's inequality we have
Hπ " }πp 9 gq˚v} for all 9 g P Σ. Since 9 g Þ Ñ ř γPΓˇx v, πp 9 gγqwy Hπˇ2 is in L 2 pΣ, d 9 gq and d π " µ G{ZpGq pΣq´1, we can therefore estimate 0 " }v}
Since the integrand is non-negative, this implies that }v} 2 Hπ´řγPΓˇx v, πp 9 gγqwy Hπˇ2 " 0 for almost all 9 g P Σ, thus tπpγqw | γ P Γu is complete.
4.3.
Graded SI{Z-Groups. In this subsection we show that the technical assumptions of Theorem 4.7 are satisfied for graded SI{Z-groups with one-dimensional center. We first prove several properties of graded groups. In the following G is a graded SI{Z-group of dimpGq " r`2d with r-dimensional center ZpGq. Let g " À N k"1 g k be a gradation of g with the understanding that g N ‰ t0u and N is the smallest index such that g N`k " t0u for all k P N.
Lemma 4.16. Let g be a graded Lie algebra with gradation g "
(iii) Every basis of g that is a union of bases of the g k is a strong Malcev basis for g.
Proof. (i) follows directly from the definition of a gradation.
(ii) For every X P g k , 1 ď k ď N , and every Y P g N we have rX, Y s P g N`k " t0u, hence Y P zpgq. If dimpzpgqq " 1, then 1 ď dimpg N q ď dimpzpgqq " 1, so the subspaces must coincide.
(iii) Let tX k 1 , . . . , X k d u be a basis of g k ‰ t0u and X P g be arbitrary. Then rX,
ideal, which proves the strong Malcev property of the union of bases.
Under the assumption dimpZpGqq " r " 1, we construct polarizing ideals m Ÿ g which are subordinate to all l P zpgq˚simultaneously. This implies that all π P SI{ZpGq can be induced from the same polarization m. We write g " m ' h and we denote by pr g k the natural projection g Ñ g k . We distinguish the cases of even and odd N . N odd) . Let G be a graded SI{Z-group with one-dimensional center and gradation g "
g k is an ideal of g that is polarizing for all l P zpgq˚. The normal subgroup M " exppmq therefore induces all π P SI{ZpGq.
We show that dimpg N´k q " dimpg k q. Choose a basis tV 1 , . . . , V p u for g N´k and tW 1 , . . . , W q u for g k and assume that p ‰ q, p ă q say. Then the pˆq-matrix C with entries C jk " lprV j , W k sq possesses a non-trivial kernel c " pc 1 , . . . , cP R q . Set Y "
Consequently, lprV, Y sq " 0 for all V P g N´k and, by the properties of the gradation, B l pX, Y q " lprX, Y sq " 0 for all X P g. This contradicts the assumption that B l restricted to g{z is non-degenerate. N even) . Let G be a graded SI{Z-group with one-dimensional center and with gradation g "
that is polarizing for all l P zpgq˚. Again, the normal subgroup M " exppmq induces all π P SI{ZpGq.
Proof. Let l " λZ˚P zpgq˚, λ ‰ 0. Again we obtain dimpg N´k q " dimpg k q for k " 1, . . . , N 01
. Since dimpzpgqq " dimpg N q " 1 and dimpgq is odd, the dimension dimpg N 0 q must be even. If g N 0 " t0u, then nothing needs to be shown.
, the restriction of B l to g N 0 , is a symplectic form. Therefore g N 0 possesses a basis If, in addition, g possesses a rational structure compatible with the gradation and l " λZf or λ P Q, λ ‰ 0, then this Ch-R-admissible basis generates the same rational structure
Proof. For k " 1, . . . , N 0 , choose a basis tV 1 , . . . , V p u for g N´k and a basis tW 1 , . . . , W q u for g k . We have already seen that p " q. The same argument as in Proposition 4.17 shows that the pˆp-matrix C with entries
If, in addition, N " 2N 0 is even, we partition the symplectic basis of g N 0 as in the proof of Proposition 4.18. Now take the union of bases tV j u of g N´k , k " 0, . . . , N 0 , and relabel it as tZ, . . . , Y d u, and take the union of bases tW j u j of g k , k " 1, . . . , N 0 , and relabel it as tX d , . . . ,X 1 u. By construction, we have
According to Theorem 4.3, tX d , . . . ,X 1 u is a basis that parametrizes the orbit l¨G. At the same time, tZ, . . . , Y d ,X d , . . . ,X 1 u is a union of bases of the subspaces g k . By Lemma 4.16 (iii), this is a strong Malcev basis of g. This means that g possesses a Ch-R-admissible basis subordinate to l " λZ˚.
In the presence of a rational structure compatible with the gradation, the matrix xZ˚, rW j , V k sy j,k"1,...,p has rational entries. Thus for l " λZ˚, λ P Q, the new basis elements W j defined by (35) are also in g Q and thus
Proof of Theorem 4.1. By Propositions 4.17 and 4.18 every l " λZ˚, λ ‰ 0 possesses the same polarization m, which by construction is an ideal of g. This is condition (i) of Theorem 4.7. By Proposition 4.19 g possesses a Ch-R-admissible basis subordinate to l passing through m and z, which is condition (ii). In conclusion, Theorem 4.7 now yields the existence of an orthonormal basis in the orbit of π l .
Proof of Theorem 4.2. If l " λZ˚, λ P Q, λ ‰ 0, then by Proposition 4.19 g Q has a Ch-Radmissible basis that is compatible with the gradation. Therefore the additional conditions (iii) -(v) of Theorem 4.7 are satisfied. This implies the existence of an orthonormal basis with respect to a uniform subgroup. In particular, for l "˘Z˚with the associated representations π˘, there exist a uniform subgroup Γ G Ď G and a set F Ď M zG, such that tπ˘pγq1 F | γ P prpΓ G qu is an orthogonal basis of L 2 pM zGq.
For l " λZ˚with irrational λ ‰ 0 we use dilations. The dilation δ s : g Ñ g in (9) lifts to an automorphism δ s : G Ñ G and leads to the one-parameter family of irreducible unitary representations π s " π˘˝δ s . These are irreducible and in SI{ZpGq. Now let Γ s :" prpδ s´1 pΓ G qq. Then Γ s is a uniform subgroup of G{ZpGq with fundamental domain pr`δ s´1 pΣq˘. Ifγ " δ s´1 pγq for γ P Γ G , then π s pγq " π˘˝δ s pδ s´1 γq " π˘pγq, and for h PF :" q`δ s´1 pΣq˘a short computation yieldś π s pγq1F¯`qphq˘"´π˘pγq1 F¯`q phq˘.
Consequently, the sets tπ˘pγq1 F | γ P prpΓ G qu and tπ s pγq1F |γ P Γ s u coincide, and we have found an orthonormal basis in the orbit of π s .
Finally, we note that the π s exhaust all representations in SI{ZpGq: since π˘pδ s pe tZ" π˘pe s N tZ q " e˘2 πixZ˚,s N tZy " e˘2 πixs N Z˚,tZy , the representation π s is associated to l "˘s N Z˚, and all representations in SI{ZpGq are obtained in this way. Theorem 4.2 is thus proved completely.
Examples
This section provides three examples that illustrate the main theorems.
Example 5.1. Let G be nilpotent with dimpGq ď 6. Then G is graded with dimpZpGq " 1 or Folland Group H 1,2 ). The first example of an SI{Z-group with a non-Abelian quotient group occurs in dimension 7, this is the so-called Dynin-Folland group H 1,2 as in [12] . As an illustration of the abstract construction of orthonormal bases we work out the details for this example.
The Dynin-Folland group was introduced by Dynin [9] to study pseudo-differential operators on the Heisenberg group and taken up again by Folland [15] for his detailed study of so-called meta-Heisenberg groups. Precisely, H 1,2 is a semidirect product
of R 4 and the 3-dimensional Heisenberg group H 1 . Its 3-step nilpotent Lie algebra h 2,1 is defined by a strong Malcev basis tZ,
The center of h 2,1 is zph 2,1 q " RZ and is one-dimensional, the Heisenberg Lie algebra h 1 " tX 1 , X 2 , X 3 u is a subalgebra of h 2,1 and the complement m :" R-spantZ, Y 1 , Y 2 , Y 3 u is Abelian and an ideal of h 2,1 .
For l " λZ˚P zpgq˚with λ ‰ 0, the matrix representation of B l is given by
Hence, B l is non-degenerate with Pfplq " |λ| 3 and the coadjoint orbit O l is the 6-dimensional affine subspace λZ˚`R-spantY1 , . . . , X3 u. This implies that, up to Plancherel measure zero, all coadjoint orbits are flat; these are precisely the orbits O λZ˚, λ P Rzt0u. Since m is Abelian and of dimension 4, it is a polarization for all l P zph 2,1 q˚; moreover, M zG -H 1 . Consequently, all representations π l P SI{ZpH 1,2 q can be realized on L 2 pH 1 q in terms of the strong Malcev coordinates tZ, . . . , X 3 u.
Comparing (37) and (14), we setX 3 :" λ´1X 1 ,X 2 :" λ´1X 2 ,X 1 :" λ´1X 3 , then tX 3 ,X 2 ,X 1 u is a basis that parametrizes the orbit l¨G. Since we have only relabeled and rescaled the original basis, tZ, Y 1 , Y 2 , Y 3 , λ´1X 1 , λ´1X 2 , λ´1X 3 u is a strong Malcev basis and thus also a Ch-R-admissible basis of g subordinate to l " λZ˚. The assumptions of Theorem 4.7 are satisfied and the representation π l possesses an orthonormal basis associated to the quasilattice
If λ is rational, then the additional conditions (iii) -(v) of Theorem 4.7 are satisfied, and there exists a uniform subgroup Γ of H 1,2 { exppRZq, such that tC |λ|´3
an orthonormal basis of L 2 pH 1 q.
In the following we perform the explicit computations for the case of a uniform subgroup. We begin with the group law in strong Malcev coordinates. 
The polynomial functions P Z , . . . , PX 1 from Lemma 3.3 are thus given by
The coefficients of these polynomials are 1, We notice that m :" R-spantZ, Y 1 , Y 2 , Y 1 3 u " g 3 ' g 2 is Abelian and that g{m is Abelian and thus M zG -pR 3 ,`q, but the complement h " R-spantX 1 1 , X 2 , X 3 u is not a subalgebra. However, for l " λZ˚, λ ‰ 0, the polynomial functions Q j which parametrize the orbit l¨G are much simpler, namely of order 1, as we deduce from the lower left block in (40). Precisely, we chooseX :" exppZZq exppZY 1 q exppZY 2 q exppZY 1 3 q exppZX 1 3 q exppZX 2 q exppZX 1 q Ď H 1,2 . To be more specific, let π 1 l be the unitary representation corresponding to l " λZ˚, but now induced from the polarization m " g 3 ' g 2 . By the general theory π 1 l is equivalent to π l in (38). This polarization leads to a simpler formula for the representation. Indeed, the first exponent of´π We therefore obtain the orthonormal basis t|λ|´3 {2 π 1 l pϑη´1q1 F | ϑη P Γu or ! e 2πi ř 3 j"1 t j ϑ j e 2πi`t 1 t 2 η 3 2λ`t 1 η 2 pt 3`η3 q λ˘1 r0,1q pt 1`η1 , t 2`η2 , t 3`η3 q | ϑ j , η j P Z ) (41) of L 2 pR 3 q. This construction resembles the Gabor orthonormal basis for L 2 pR 3 q from Section 2.1. Again, once (41) is written down, the orthonormality and the completeness are easy to check. The point here is that the appropriate choice of coordinates and polarization are guided by a theory and are rather difficult to guess by hand.
Remark 5.3. This example can be generalized to an infinite family of graded 3-step nilpotent groups H j,2 of dimension 4j`3. Technically, meta-Heisenberg groups G such as H j,2 arise from the Lie algebra g generated by a basis of left-invariant vector fields of a 2-step nilpotent groupḠ and multiplication by first-order polynomials onḡ -R d in the variables determined by the basis. In the case G " H j,2 we haveḡ " H j -R 2j`1 ": R d . See [12] for a detailed analysis of the Dynin-Folland groups.
Example 5.4. The following 7-dimensional Lie algebra is a slight variation of the Lie algebra in [13, Rem. 3.1.6] . It is an example for which only the quasi-lattice version of the technical Theorem 4.7 yields an orthonormal basis of L 2 pR 3 q, but not its special cases for graded groups. Let tX 1 , . . . , X 7 u be the Euclidean standard basis for g :" R 7 endowed with the Lie bracket relations rX 1 , X j s " X j`1 for j " 2, . . . , 6, rX 2 , X 3 s " ? 2 X 6 , rX 2 , X 4 s " rX 5 , X 2 s " rX 3 , X 4 s " X 7 .
As in [13, Rem. 3.1.6] these Lie brackets define a 7-dimensional Lie algebra with 1-dimensional center that cannot be equipped with any gradation. The bracket rX 2 , X 3 s " ? 2X 6 excludes the existence of a rational structure. Consequently we cannot apply Theorems 4.1 or 4.2.
Nevertheless, we can apply Theorem 4.7. Indeed, the basis tX 7 , . . . , X 1 u is a strong Malcev basis of g and m :" R-spantX 7 , X 6 , X 5 , X 4 u is a polarizing ideal for every l :" λX7 , λ P Rzt0u. Since . . ,X 1 u :" tX 7 , X 6 , X 5 , X 4 , λ´1X 3 ,´λ´1X 2 , λ´1X 1 u is Ch-R-admissible subordinate to l. Thus, conditions (i)-(ii) of Theorem 4.7 are satisfied and we obtain an orthonormal basis for L 2 pM zGq -L 2 pR 3 q derived from a quasi-lattice.
